Journal of Siberian Federal University. Mathematics & Physics 2024, 17(3), 398-407

EDN: VUWGFQ
VIIK 517.958

On the Stability of the Solutions of Inverse Problems
for Elliptic Equations

Alexander V. Velisevich*
Anna Sh. Lyubanova'

Siberian Federal University
Krasnoyarsk, Russian Federation

Received 10.03.2023, received in revised form 15.06.2023, accepted 14.02.2024

Abstract. The inverse problems on finding the unknown lower coefficient in linear and nonlinear second-
order elliptic equations with integral overdetermination conditions are considered. The conditions of
overdetermination are given on the boundary of the domain. The continuous dependence of the strong
solution on the input data of the inverse problem for the linear equation is proved in the case of the mixed
boundary condition. As to the nonlinear equation, the continuous dependence of the strong solution on
the overdetermination data is established for the inverse problem with the Dirichlet boundary condition.
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Introduction

In this paper the stability of the solutions of two inverse problems for second order elliptic
equations are considered.
Problem 1. For given functions f(x), 5(z), h(z), a(z) and a constant p find the pair of functions
u and constant k, satisfying the equation

—diviM(z)Vu) + m(z)u + ku = f, (1)
the boundary condition

(;;L; n a(x)u> ’aﬂ — B(), 2)

and the condition of overdetermination
/ uh(z)ds = p. (3)
o0

Problem 2. For given functions f(z),8(z), h(x) and a constant p find the pair of funtcions u
and constant k satisfying the equation

—diviM(z)Vu) + m(z)u + kr(u) = f, (4)
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the boundary condition
uloa = B(w), (5)
and the condition of overdetermination
/6 ) %h(x)ds — (6)
Here 2 NR" is a bounded domain with a boundary 9Q € C?, M(z) = m;;(z) is a matrix
of functions m;;,4,7 = 1,2,...,n, m(z) is a scalar funtcion, oA (M(z)V,n),n is the unit
vector of the outward normal to the boundary 0f2.

A main goal of this paper is to establish stability (in the sense of continuous dependence
on the source data) of strong generalized solutions of Problems 1 and 2. The conditions of the
solvability and uniqueness of solutions to Problems 1 and 2 were established in [1,2]. The proof of
the existence and uniqueness of the solutions follows the method developed by A.Sh. Lyubanova
and A.Tani in [3,4] where inverse problems with integral overdetermination conditions were also
considered. The method is based on the idea of reducing the inverse problem to an operator
equation of the second kind for the unknown coefficient [5].

Practical interest in such inverse problems is due to many applications in the theory of
diffusion and filtration [6] as well as the fact that filtration processes tend to stabilize over
time [7]. The steady fluid flow in a fissured medium is described by a stationary equation in
which the pressure u, coefficients and the right-hand side are independent of ¢. In general, the
stationary equation of the compressible fluid filtration has the form

—div(k(z,u)Vip(u)) +y(z,u) = f, r €1, (7)

where k(z,u) is a matrix of functions, ¥ (u) u v(z,u) are scalar functions, ! C R™ is a bounded
domain with the boundary 992. An example of a diffusion model is the problem of finding the
concentration of a pollutant in the environment [8]

—AAu+ vVu + ku = f, uloo = B,

where k is a value characterizing the breakdown of a pollutant due to chemical reactions, A is
the diffusion coefficient, f is the bulk source density, v is the velocity vector.

The study of the inverse problems for the elliptic equations goes back to fundamental works
of M.M. Lavrentiev [9-11]. Various issues related to coefficient inverse problems for the linear
and nonlinear equations (7) were discussed in [11-22]. Problems of finding highest coefficients
of (7) from additional boundary data on 99 or on some part of 9 are of particular interest.
In [15,16,20] this problem is considered in the case of ¥(u) = u, v(z,u) = 0, k(z,u) = kE,
E is the identity matrix, and function & is unknown. It is assumed that k = k(z) [15,16], or

k = k(u) [20]. The overdetermination condition is kg—z ba v(z) for the Dirichlet boundary

problem and ulgg = v(x) for the Neumann boundary problem. The pioneering work in this
line is Calderon’s one [16] where the inverse problem of finding the unknown k(x,u) = k(x)
with such overdetermination condition was first discussed and an approximate representation
was suggested for the unknown coefficient close to a constant.

Problems of recovering unknown lowest coefficients in elliptic equations have been considered
by many authors. The works of [8,12,21-23] should be noted here. In these works, unknown
coeflicients are recovered from information on the values of some integral operator over the whole
domain or the solution trace on some surface inside the domain in which the problem is solved.
Integral conditions on the boundary were not considered in such problems.
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1. The preliminaries

We use the following notations: || - ||g, (-,-)g — the norm and the inner product in R™; || - ||,
(-,-) — the norm and the inner product in L*(2); || - [|;, (-,-), — the norm in W3 (Q), j = 1,2,

and the duality relation between W3 () and W5 '(Q), respectively, || - ||;41 /2 — the norm in

Wit 2(00), s =0, 1.
Let us introduce the linear operator M : W} (Q) — (W3 (Q))* of the form

M = —diviM(z)V) + m(z)I,
where [ is the identity operator. We use the notation

<M’U1,U2>M = /Q((M(x)Vvl,va)R + m(x)vivg)dz

for any vy, vy € W4(£), and reason that the following assumptions of the operator M are fulfilled.

I my(x), Omy; /0 ,4,5,0 =1,2,...,n, and m(z) are bounded in Q. Operator M is strongly
elliptic, that is, there exist positive constants mgy and m; such that for all v € W3 ()

mollvllf < (Mo, v),, <malfolf.

IT. M is self-adjoint, that is m;;(z) = mj;(z) for i, =1,...,n.
We also impose restrictions on function r(p).

ITII. The function r(p) is continuous and strictly monotone (—oo, +00), that is for all p;, ps €
(—OO, +OO)7 P1 7& P2,
(r(p1) = r(p2))(pr = p2) > 0,
and r(0) = 0.

IV. For all p € (—o0, +00)
Ir(p)| < CrlpP~. (8)

Here C, > 0, p — constants, p > 0 when n < 2 and 0 < p < n/(n — 2) when n > 2.

V. For any number R > 0 and funtcions vy, v2 € W3 (£2) such that [vill L2o-1 () < Ry i = 1,2,

the inequality
[I7(v1) = r(v2)l| < c(R)[lvr — vzl

is valid where constant ¢(R) > 0 depends on R.

By the solution of Problem 1 is meant the pair, consisting of a function v € W2(Q) and a
constant k > 0 which satisfies the equation (1), the boundary condition (2) and the overdeter-
mination condition (3). By the solution of Problem 2 is meant the pair involving a function
u € W2(Q) and a constant k > 0 which satisfies the equation (4), the boundary condition (5)
and the overdetermination condition (6).

We define the auxiliary funtcions a,a?,b,d,d” and g as a solutions of the problems

Ma=j@), ()| = oo o)
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Ma® + ¢a® = f, (ZC]L\C; + a(ﬁ)ag> . = B(x); (10)
Mb=0, ((;9]1\71 + a(m)b) . = h(x); (11)

Md = f(z), dloq = B(x); (12)

Md™ +71r(a”) = f(z), d"|aq = B(x); (13)

Here ¢ > 0, 7 > 0 — real numbers.
Existence and uniqueness theorems for strong solutions of the inverse Problems 1 and 2 were
proven earlier in [1,2]|. For the sake of convenience, we give their formulations.

Theorem 1 ([1]). Let 90 € C? and assumptions I and II be fulfilled. Suppose also that
(i) f(@) € (@), B(x), hlw) € W3*(09), alx) € C(09);

(ii) f(z) >0 almost everywhere in Q; B(z) >0, a(z) =0, h(z) = 0 for almost all x € IQ and
there is a smooth piece ' of the boundary 02 and a constant § > 0 such that 8 > 6 and
h > 6 almost everywhere in I.

Then Problem 1 has a solution {u,k}, if

mo(a, b)?
OSHTES Tl
where ® = f ahds, and the estimates
o0
a’ Su<a, 0<k<o, |ullz<C(o+1)]all+ [lallz, (15)
holds for some o > 0, constant C depends on mes§), o, mg and my. Moreover, if
0<pu—®< mo(@,b)” (16)

lalloll

then the solution of Problem 1 is unique.

Theorem 2 ([2]). Let assumptions I-V be fulfilled. Suppose also that
(i) f(2) € LA(Q), Bla), h(z) € Wy'*(99);

(ii) f(x) = 0 almost everywhere in Q; B(x) = 0,h(x) = 0 for almost all x € O and there is
a smooth piece T' of the boundary 9 and a constant § > 0 such that § > 6 and h(zx) = ¢
almost everywhere in T.

If
my (r(d), )
Ack cr/=1) g’
where ¥ = c(||d|| 2o-2(0)) |d]|1]lgll1, co — embedding constant W3 (Q) in LP(Q), then the problem
(4)—(6) has a solution {u,k}, and estimates

0< k<, d” <u<d, lulla < Car(r Cp |dIP~" + |d]]) + ||d]]2- (17)

holds for some T > 0, with a constant Cyy, depends on mgy, T and mesS). Moreover, if

ma (r(d), 9)*

0<@=(f9) - (Md,gh+p< 4 cP/@ D g

then the solution is unique.
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2. Stability of the solutions of inverse problems

The main results of the work are theorems on the continuous dependence of strong solutions
on the input data of the above inverse problems.
Let us consider Problem 1.

Theorem 3. Let assumptions of Theorem 1 be fulfilled and a pair {u;, k;} be the unique solution
of Problem 1, where f = f;,8=Bj,h =h;, and p = p;,j =1,2. Then the estimate

Jur — uzll2 + k1 — k2| < K(lp1 — p2| + 1 f1 = foll + |81 — Ballzj2 + |1 — halli/2) (18)
holds with a constant K > 0.

Proof. Let a;,a%,b; are solutions of problems (9), (10), (11), where f = f;,8 = B;,h = hj,
J = 1,2. It was shown in [1] that k; is the solution of the operator equation k; = Ajk;, where
Ajk; is determined as

ti —
Ak, =2 1
ik (uj,b5) 19)

where ®; = [ a;jh;ds, and o is given by the relation
o0

Vin((az.b) — /T)
Nasllbs] (20)

0 =

with A o .
D; = (a;,b,)? - (pj — 32J|aj|||| ;i >0,
V 0

Estimating the right side of the difference

Dy — Py + 11 — po

(ug —u1,b1) — (u1,by — b2)
(Ul,bl) .

k1 — ko = Alkl — AQkQ = (u1 bl)

+k2[

in absolute value with (15) and the relation [1]

g
(u1,b1) = (af,b1) = (a1,b1) — (a1 — af,b1) > (a1,b1) —

1
ai|ll|b1]] =0
Tl >

we come to the inequality

Fa/mol|ba [|[|ur — uall
vmo(ax, br) = olayf]|ba]”

where positive constant K depends on mg, mesQ, u;, ®;, ||a;l1, |bj]l1, j = 1,2.

On the other hand, difference u = uy; — usy satisfies the relations (1)—(2), where k = kq,
f = (ka —ki)uz + f1 — fo and B = B1 — Ba. Using (15) and (19), for u;, k; when a = a; and
o =o0j, j=1,2, and also estimate [24]

k1 — k2| < Kq(|p1 — po| + @1 — P2 + [|b1 — b2||1) + (21)

[vll2 < Car(IMw]] + [0])), (22)

valid for all v € W2 (Q) (N W2(€2), we obtain

1
lur — uallr < m*(0’1||a1 —ag|| + k1 — ka|l|as]]) + lla1 — az2||1,
0
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(o1llar — az|| + [k1 — kalllas]]) + [[a1 — az|l2- (23)

llur — uslls < Cu(mo +1)
m

Without loss of geberality, it may be suggested that k1 > ko. Then (15), (16), (20) for j = 1 and
(21) lead to inequality

by = kol < Ko || = pal + @1 = @2l + [[b1 = ball ] (24)
where K5 depends on Ky, myg, o1, ||a1||. For a1 — as and by — by, we have [25, Chapter 2]
lar — azll; < Ca(llfr = foll + 1181 = Ballj—1/2), 7=1,2, (25)

b1 — b2|l1 < Cillhy — hall1/2, (26)

where constants C; > 0, i = 1,2, depend on n, mg, my and mes§2. Taking into account definition
of ®;, j =1,2, and relations (23)—(26), we come to the estimate (18). Theorem is proved. O

Let us turn our attention to the theorem on stability of the strong solution of Problem 2.

Theorem 4. Let the assumptions of Theorem 2 be fulfilled and a pair {u;,k;} be a solution of
Problem 2 where p = pj;,j =1,2. Then the estimate

[ur — uzll2 + [k1 — k2| < H[p1 — pof (27)
holds with a constant H > 0.

Proof. Let d] be the solution of (13) with 7 = 7;, j = 1,2, where

oy = (@9 = /Gimo G = (r(d), g) — 4QM
! 2Q; Of/(p—l) b ’ J ) F o~ ;

and
Q; = (f,9) — (Md, g} + p;.

As was shown in 2], k; is a solution of the operator equation

Q;
k; = Bjkj = ————. (28)
T (), 9)
For the sake of convenience, we denote by {1, k} the difference of solutions {uy, k1 } and {uz, ko }.
k is a solution of the equation

fo = Buky — Boky — Qi Qe _ (Q1 — Q2)(r(u1),9) — Q1(r(ur) — 7‘(“2)’9)’

(T(u1>7g) (T‘(’LLQ),Q) (T(ul)vg)(r('uﬂ)?g)
or, by the defenition of @); and (28),

Q1 —

(’I‘ U‘Q)vg) (T(U‘Q)vg) (T(u2)7g) (T(u2)7g)

Let us estimate the last term of the right side of the resulting relation by absolute value, taking
into account (8), (17), (28), assumption V and the inequality [2]

];:

Q2 ki(r(u) —r(uz)g) _ m—p2  ka(r(u) —r(us),9) (29)

cr/=D gp

(r(u2),9) = (r(d), 9) + (r(d3) —r(d), 9) > (r(d), 9) — 7 e(lldllzo-2) 1l g1
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Without loss of generality one may suggest that k; < ko. We have

Ba(r(u) = r(ua)y0) | l(r(wn) = r(ua), 9)
) =P G S

mo(r(d),g)* c(ldll 2o—2)Jur — uall1 |lgl] _
4CE D B ((r(d), g) — 72CP P By =te(||d]| o2 () )5 lg]1)?

mO(T(d)a 9)2

= - - “ur —uzf (30)
PV dIET (r(d), ) + VGo)?
On the other hand, difference {1, k} satisfies the equation
Ma+ ky(r(uy) —r(ug)) = (k2 — k1)r(ug) (31)
and the boundary condition
ﬂ|aQ =0. (32)

Then multiplying (31) by % in terms of the inner product in L?(Q) and integrating by parts in
the first term with regard to (32) give

(Mu,u)y + k1 (r(u1) — r(uz),4) = (k2 — k1) (r(uz), @). (33)
We estimate the right-hand side of (33) by the absolute value using the embedding theorem
W(Q) in LP(Q) and (8).
|(k2 = k1) (r(us), @) < CF/ P~ Vlky — k[ ua| 5 (o @ 1) <

CQP/(P 1) 217
2my
By the assumptions I — V, the equalty (33) and the last relation lead us to the inequality

_ 1 my .,
< P0G Jky — kallldl alh < ks — k)3 + Tl

~ CP/(P 1)6
l[ally < T"Ildllp Hks = Fal. (34)

Combining (29), (30) and (33) we obtain the estimate

R I ()}

] o)
M S ) g+ VG T () g) + VG
which implies that
g VT
R e R (35)

Inequalities (34) and (35) give us an estimates

P LD +C
m VG 2(r(d), g) + Vaa) T

lall, <

and in view of IV
[r(u1) — r(u2)|| < e(||d]| L2r—2(0))lJur —uz| <

(r(d),g9) + VG2

Cp/(l? 1)Cp )
VGa(2(r(d), )+W)|ﬂl pa| = Cslpr — pa.

< T\Idllp te(|ld] per-2(0)
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We

We now multiply (31) by M@ in terms of inner product in LoQ.
[Mal? = (ko — k1) (r(u2), Ma) — ki (r(ur) = r(us), Ma).

estimate the right hand side of the last relation taking into account (35). This gives

|(k2 = k1) (r(uz), M) — ki (r(u1) — r(ug), Mu)| < %(Tlcs\m — 2| + [K[[|r(u2)])* + %IIMﬂH2 <

D) VT Y
VG 2(r(d), g) + VG ) M1

1
< 5 (7'103 +

whence, due to the inequality (22), we obtain the estimate

, (r(d),g) +VGo  CP/P I (r(d),g) + VG
Il < Ca (“C3+ VO (20r(d), ) +v/C) o @(zmd),g)w@) i =l
Theorem is proved. g
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OO0 ycroifumBOCTH pellleHnii HEKOTOPhIX OOpaTHBIX 3a1a4
JJIS JINOTUYECKUX YPaBHEHUI

Anekcanap B. BeiunceBuu
Awnna I11. JIrobanoBa

Cubupckuii deiepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Pejrepariust

Amnnoranus. B pabore paccmarpuBarorcst 06paTHbIE 331291 OTBICKAHNS HEU3BECTHOI'O MJIAJIIIErO KO3h-
durmenTa B JIMHEHHOM U HEJIMHEWHOM SJITUIITHIECKUX YPABHEHUSX BTOPOTO MOPSI/IKA C MHTEIPATHHBIMU
YCJIOBUSIMU II€PEOIIPEIe/ICHIST Ha TPAHUIIE UCCieryeMoit obsactu. [la auHefiHOro ypaBHEHHS JOKa3aHa
HEIIPEPBIBHAS 3aBUCHMOCTD CUJILHOTO PENIEeHHsI 0OPATHON 3a/1a41 OT €€ UCXOQHBIX JAHHBIX B CIIydae CMe-
MTAHHOTO TPAHUIHOTO yCaoBusi. [Ij1s HeTMHEHHOTO ypaBHEHUS YCTAHOBJIEHA HEIPEPBHIBHAS 3aBUCHMOCTD
CIJIBHOTO DellleHus 0OpaTHOMN 33/1a4i C TPAHUYHBIM YCJIOBHEM IIEPBOIO PO/a OT JAHHBIX II€PEOIpesese-
HUS.

KuroueBble cioBa: obpaTHas 3a1ad9a, SJITHITHIECKOE yYDABHEHUE, MHTETPAJIBHOE TIEPEOIpe/Ie/IeHTe,

HEIIpepbIBHAA 3aBUCUMOCTD OT BXOIHBIX JaHHBIX.
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